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hydraulic properties (hydraulic). These are the typical couplings from 
the thermal field to the mechanical and hydraulic fields, respectively. 
These changes in the mechanical and hydraulic fields will in return 
exert reacting forces on the thermal field. For example, heat transfer 
can be promoted by energy convection through migratory water, and 
thermal properties such as heat capacity and thermal conductivity 
can be changed through variations in the structure and composition 
of soils. The reacting forces represent the couplings from the other 
two physical processes to the thermal field. The couplings from the 
thermal field to the other fields are usually strong couplings. Among 
these couplings, thermally induced water flux is especially signifi-
cant and thus of special interest. This process of water transfer due 
to temperature gradients is critical to many multiphysical processes 
in soils. When the phase change of water (freezing or thawing) is 
involved, a multiphysical phenomenon could be more complicated 
and the significance of the thermally induced water flux can be seri-
ously exaggerated. One typical example is frost heave, in which water 
is sucked from deeper positions to an advancing frost front because of 
temperature changes on the ground surface.

Various methods have been proposed to formulate thermally 
induced water flux. Philip and de Vries developed a theory based on 
thermodynamics to explain moisture movement in porous materials 
under temperature gradients (1). Dirksen and Miller used similar 
concepts but with emphasis on the mechanical analysis (2). Studies 
from physical chemistry emphasized the influence of surface ten-
sion (3–5) and called for attention to the role of the water vapor 
adsorption process (6, 7). Coussy described the transport of water and 
vapor as the result of differences in density, interfacial effects, 
and drainage due to expelling, cryosuction, and thermomechanical 
coupling (8). A few researchers have also described the transport of 
water in response to a temperature gradient by using the theory of 
nonequilibrium thermodynamics (9–12). However, most multiphysics 
simulations based on continuum mechanics are developed on the basis 
of the theory proposed by Philip and de Vries (13–15). This model has 
also been applied to freezing soils without ice lenses (16, 17).

The formulation of thermally induced water flux in frozen soils 
may be different from that without a phase change of water. Dirksen 
and Miller (2) found that the rate of mass transport within the frozen 
soil exceeded by several orders of magnitude that which could be 
accounted for as vapor movement through the unfilled pore space. 
It was therefore concluded that the flux must have taken place in 
the liquid phase by a factor at least 1,000 times faster than that pre-
dicted by Philip and de Vries (1) and subsequent researchers. Miller 
proposed the rigid ice model, in which ice pressure was nonzero 
and was related to water pressure through the Clapeyron equation 
(18). The movement of ice content as a function of mean curvature 
occurred in the form of ice re-gelation (19). Gilpin developed a 
theory by assuming that the movement of water in the liquid layer  
was totally controlled by the normal pressure-driven viscous flow (20). 
Dash proposed that the driving force was attributed to the lowering 
of the interfacial free energy of a solid surface by a layer of the 
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A comprehensive study is presented for the formulation of thermally 
induced water flux. For conditions without ice lenses, either frozen or 
unfrozen conditions, a theory is proposed to address the underestimation 
of water flux by the model of Philip and de Vries. In addition, experiments 
with a modified capillary rise method are proposed to calculate a gain 
factor that accounts for this underestimation. For thermally induced 
flux in frozen soils with ice lenses, a theoretical formulation is derived 
for the segregation potential, which is the key parameter in the model of 
Konrad and Morgenstern. This theoretical formulation, which is lacking 
in previous research, is expressed in a simple mathematical form and can 
be conveniently used for accurate prediction of segregation potential. 
The validity of the theory is proved with reported data, and more auxil-
iary relationships are provided for accurately predicting the segregation 
potential with the proposed formulation.

Soils are susceptible to multiphysical phenomena because of their 
nature as a porous material consisting of a porous skeleton and pore 
fluids. They are susceptible because this distinct nature provides 
favorable conditions for energy transfer, water migration, and geo-
mechanical responses, which correspond to thermal, hydraulic, and 
mechanical fields, respectively. These physical processes are more or 
less coupled in nature, so it is difficult to separate one from the others. 
But a single physical phenomenon can be analyzed without signifi-
cantly affecting the analysis results when the couplings between dif-
ferent physical fields are weak enough. This analysis is in fact what 
geotechnical engineers mostly do when they are dealing with issues 
related to soils. However, in some cases, the couplings between some 
physical processes are very strong. Typical examples include the 
behavior of energy piles and their influence on soil properties, energy 
harvesting from soils, and the influence of thermal changes on soil 
properties. More concern has been shifted from individual physical 
phenomena to coupled multiphysical processes because of emerging 
needs in geotechnical practice and advances in multiphysics research.

The couplings between different physical fields, as shown in 
Figure 1, could be very complicated. Many multiphysical phenomena 
are triggered by a change in the thermal field. This change serves as 
an excitation, similar to an external force in the mechanical field, and 
gives rise to changes to the whole system in terms of a multiphysical 
process. For example, thermal changes can alter soil compressibility  
and shear strength (mechanical), induce water migration, and change 
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melted material; this condition occurs for all solid interfaces that are 
wetted by the melted liquid (21). There are other practical models, 
such as the one by Konrad and Morgenstern (22–24). In this model, 
the coupling was simplified by introducing an experimental relation-
ship in which the rate of water migration was proportional to the 
temperature gradient in the frozen fringe.

Among the previously named methods, the model proposed by 
Philip and de Vries (1) and that by Konrad and Morgenstern (22–24) 
have gained popularity for simulations without and with ice lenses, 
respectively. A comprehensive study is presented here for the for-
mulation of thermally induced water flux. For conditions without ice 
lenses, either frozen or unfrozen, a theory is proposed to address the 
underestimation of water flux by the model of Philip and de Vries 
(1). In addition, experiments with a modified capillary rise method 
(CRM) were proposed to calculate a gain factor accounting for the 
underestimation. For the thermally induced flux in frozen soils with 
ice lenses, the theoretical formulation for the segregation potential, 
which is the key parameter in the model of Konrad and Morgenstern 
(22–24), is derived. This theoretical formulation, which is lacking in 
previous research, is expressed in a simple mathematical form and 
can be conveniently used for accurate prediction of the segregation 
potential. The validity of the theory is proved with reported data. 
More auxiliary relationships are provided for accurate prediction of 
the segregation potential.

Conditions Without Ice Lenses

Theoretical Background

The model of Philip and de Vries was established on the basis of 
thermodynamics (1). The derivation began from Darcy’s law, as 
follows:

�
= − ∇Φ (1)J

K

g

where

	J

	=	gravimetric liquid flux,

	K	=	hydraulic conductivity,
	Φ	=	 total potential (Pa), and
	g	=	gravitational constant.

In the original derivation, Φ was assumed to include matric potential 
and gravitational potential:

Φ = ψ + ψm g (2)

where ψm is the matric potential and ψg is the gravitational potential. 
It is well known that ψm is related to water content in partially satu-
rated soils (or partially frozen soils). This relationship is called the 
soil water characteristic curve. Philip and de Vries believed that the 
thermally induced water flux is attributed to the nonisothermal soil 
water characteristic curve (1). To be more specific, it stems from the 
temperature dependence of the surface tension of the water–vapor 
(or water–ice) interface.

( )( )ψ = ψ θ γ Tm m , (3)

where

	θ	=	� volumetric water content in partially saturated soils (or un-
frozen water content in partially frozen soils),

	γ	=	� surface tension of water–vapor interface in partially saturated 
soils (or water–ice interface in partially frozen soils), and

	T	=	 temperature.

Substituting Equations 2 and 3 into Equation 1, the following equation 
for thermally induced flux was obtained:

= −
∂ψ
∂γ

∂γ
∂

∇ −
∂ψ
∂θ

∇θ −
� �
J

K

g T
T

K

g

K

g
im m (4)

FIGURE 1    Couplings between physical fields in soils.
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where i

 is the unit vector in the direction of gravity. The matric suction 

can be formulated by using the Young–Laplace equation as follows:

ψ =
γ φ ∂ψ

∂γ
=

ψ
γr

m
m m2 cos

or (5)

where ϕ is the contact angle and r is the pore radius.
So the thermally induced water flux can be expressed as

= −
ψ
γ

∂γ
∂

∇ −
∂ψ
∂θ

∇θ −
� �
J

K

g T
T

K

g

K

g
im m (6)

Equation 6 is the mathematical formulation obtained by Philip and  
de Vries (1). In later implementations, the hydraulic conductivity due to 
temperature was mostly used, and isothermal soil water characteristic 
curves were employed. Hence Equation 6 can be reformatted:

= − ∇ − ∇ψ −
� � �
J

K

g
T

K

g

K

g
iT

m (7)

where KT is the hydraulic conductivity due to temperature, and 
ψ


m is the matric potential in the isothermal characteristic curve. 
Accordingly, KT is expressed as

=
ψ
γ

−
∂γ
∂

K K
T

T
m (8)

Hydraulic conductivity due to temperature characterizes the ease 
with which water can move through pore spaces or fractures under 
the influence of temperature. However, experimental evidence has 
repeatedly indicated that the foregoing formulation underpredicts 
the influence of temperature on water migration (3, 25). The degree 
of underestimation was found to vary from soil to soil. As concluded 
by Nimmo and Miller (3), the temperature dependence in coarse-
grained soils is about as strong as expected from the previous theory, 
whereas for fine-textured soils, it is significantly stronger. Figure 2 

illustrates the gain factors measured by Nimmo and Miller for gas 
beads, Plainfield sand, and Plano silt loam (3). In their study, the gain 
factor was proved to be dependent on water saturation. The gain factor 
was calculated with the nonisothermal soil water characteristic curve 
of the same soil. Tensiometers and a gamma-ray transmission system 
were employed for the experiments. Therefore, measurement of the 
gain factor requires special devices and precise control of the exper-
iment. A gain factor such as 7 was used in some thermohydraulic 
studies (16, 26).

New Theory

Cary’s summary held that surface tension, soil moisture suction, and 
kinetic energy changes with the hydrogen bond distribution, as well 
as thermally induced osmotic gradients, should be responsible for 
the thermally induced water flow (27). Grant and Salehzadeh (4) 
claimed that the temperature sensitivities of the wetting coefficient 
could contribute to the underestimation made by the theory of Philip 
and de Vries (1). To take these factors into account, the definition of 
the total potential of soils is as follows:

Φ = ψ + ψ + ψ + ψ + ψm o g e a (9)

where

	ψo	=	osmotic potential,
	ψe	=	� envelope potential resulting from overburden pressures, 

and
	ψa	=	pneumatic potential.

Among these components, it can be seen that matric potential and 
osmotic potential are the two potential components that depend on 
temperature. The osmotic potential can be expressed as

ψ = icRTo (10)

where

	 i	=	osmotic coefficient (van’t Hoff factor),
	c	=	concentration of solute, and
	R	=	universal gas constant.

So the temperature influence on soil potential based on Equation 9 
can be formulated as follows:

( )
( )Φ

=
∂ψ
∂γ

∂γ
∂

+
∂ψ
∂φ

∂φ
∂

+
∂ψ
∂

=
ψ
γ

∂γ
∂

+
ψ

φ
∂ φ

∂
+

d

dT T T T T T
icRm m o

cos

cos

(11)

On the basis of Equation 11, the gain factor can be obtained:

= +

γ
ψ

− γ φ φ

γ1
tan

(12)G

icR d

dT
d

dT

The value of (∂ϕ/∂T) can be assumed to be 0.1 arc degree/°K from the 
results reported by Neumann et al. (28) and Adamson (29), which is 
at least reasonable for many systems at temperatures between 5 arc 

FIGURE 2    Gain factor versus water content for gas beads, 
Plainfield sand, and Plano silt loam (3).
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degrees and 100 arc degrees (30). The surface tension is expressed 
as a function of temperature as follows:

( )[ ]( ) ( )γ = − − − × − ×− −T T75.6 0.1425 273 2.38 10 273 10
N

m

(13)

4 2 3

If the osmotic effect is negligible, the gain factor can be simplified 
as follows:

[ ]( ) ( )
( )

= +
− − − × − φ

+ × −

−

−1
75.6 0.1425 273 2.38 10 273 tan

81.65 272.73 10 273
(14)

4 2

3
G

T T

T

The gain factors calculated with Equation 14 are plotted in Figure 3.  
The calculated gain factors agree well with the measured data in 
Figure 2. As can be seen, the gain factor increases as the contact 
angle increases. When the contact angle is close to 90 degrees—that is, 
the soil has a nearly neutral wettability—the gain factor is extremely 
high. In contrast, the gain factor is 1 when a soil is completely wet-
table. This finding explains why glass beads, whose contact angle 
with water is very small, has a relatively low gain factor. To apply 
Equation 14 to multiphysics simulations, the contact angle needs to 
be measured. In this study, a modified CRM is presented for measuring 
the contact angle of soils.

Modified CRM

The influences of inertia and gravity were neglected in most of the 
previous CRM studies. Consequently, a simplified Lucas–Washburn 
equation is obtained in the following form (31, 32):

2 8π γ φ πηr h t
h t

cos( ) − ( ) ∂ ( )
∂

surface tension
� �� �� tt

B Chh

viscous force

or
� ��� ���

= − ′ =0 150 ( )

where

	 r	=	 radius of capillary,
	 γ	=	� surface tension of interface between solid and test (imbibed) 

liquid,
	 t	=	 time,
	h(t)	=	height of capillary rise at time t, and
	 η	=	dynamic viscosity of test liquid.

The analytical solution to this simplified Lucas–Washburn equa-
tion predicts a linear relationship between the squared height of the 
imbibed liquid and time (31, 32):

h
B

C
t

r
t= 



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=
( )



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2

2
16

1
2

1
2γ φ

η
cos

( )

The conventional CRM requires identifying a stage (viscous 
dominant) when the simplified Lucas–Washburn equation can sat-
isfactorily describe the dynamics of capillary rise (33). However, 
it is possible that such a stage is very short or even does not exist. 
Even if such a stage exists, a part of the m2-t curve where its tangent 
has the least slope variation needs to be identified for linear regres-
sion (34). Thus implementation of the method involves numerous 
subjective factors. To improve the conventional CRM, the influence 
of gravity is considered:

2 8π γ φ πηr h t
h t

cos( ) − ( ) ∂ ( )
∂

surface tension
� �� �� tt

r gh t

viscous force
gravity

� ��� ��� � �� �
− ( )ρπ 2

��
=

− ′ − =

0

170or B Chh Dh ( )

where ρ is the density of the test liquid. An analytical solution to 
Equation 17 was obtained by using MATLAB:

= − − −
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
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FIGURE 3    Gain factor versus temperature and contact angle.
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where W is the Lambert W-function. That is,

( )
( )

=
γ φ

ρ
− − −

ρ
γ η φ


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



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2 cos
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16 cos
(19)

2 2 3

h
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W
g r

t

The preceding solution (height gain) is reformatted in the form of 
imbibed mass (mass gain):

( )
( )

=
π γ φ

− − −
ρ
γ η φ


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m
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where N is the number of equivalent capillaries involved in a capillary 
rise process, and π2r5N is usually referred to as the Washburn constant. 
A piecewise equation proposed by Barry et al. was used to approximate 
the Lambert W-function equation in this study (35).

Tortuosity was not included in the definition of apparent contact 
angle. According to Czachor (36), the tortuosity τ is the ratio of the 
actual path taken by a liquid moving through pores, h

~
, to the distance 

between the starting and final heights, h (37, 38):

� = τ (21)h h

2 8 2π γ φ πητ� �
� �� ��

r h t
h

cos( ) − ( ) ∂

surface tension

tt

t
r g h t

( )
∂

− ( )
viscous force

gravi
� ��� ���

�ρπ τ2

tty
� �� ��

= 0 22( )

The term m0, which describes the mass absorbed on the balance 
before measurements, was added to the fitting functions (39). So the 
fitting equation can be formulated as follows:

{ }[ ]( )= + κ − − − α1 exp 1 (23)0m m W t

where m0, κ, and α are fitting constants.
From Equation 23, water and another reference liquid are usually 

used to obtain contact angles. The test liquid used for reference is 
usually an organic solvent with low surface energy, such as hexane 
or pentane. Considering the comparatively high surface energy of 
soil particles and low surface tension of the reference liquid, the 
contact angle between the reference liquid and a soil is approximately 
zero. Then the apparent contact angle between water and soils can 
be calculated with κ (κw and κJ) obtained by curve fitting:

φ =
κ
κ

η ρ γ
η ρ γ







iw

p

w p p

p w w

arccos (24)
2

2

where

	κJ,p, κJ,w	=	constants pertaining to pentane and water, respectively;
	 ρp, γp	=	� density and surface tension of pentane, respectively; 

and
	 ρw, γw	=	density and surface tension of water, respectively.

The effective radius and number of capillaries were cancelled out.
For test liquids, water and pentane were used in this study. The 

density, surface tension, and viscosity of water are 1,000 kg/m3, 
71.79 × 10−3 N/m, and 1.002 × 10−3 N • s/m2, respectively; those of 
pentane are 626.2 kg/m3, 15.82 × 10−3 N/m, and 0.24 × 10−3 N • s/m2, 
respectively. An Ohio subgrade soil was used for the experiment. 

Duplicate soil specimens were prepared by strictly following the 
same procedures described in the following paragraphs to ensure 
the similarity. A soil was poured into a tube standing upright on a 
table from the same height as the top of the tube. After the upper 
surface of the soil reached the top of the tube, the tube was vibrated 
with a small vibrator at a frequency of 55 Hz for 60 s. A metallic tool 
with a base and a vertically protruding pipe was used to accommodate 
the tube while it was on the vibrator. All soil specimens were put 
into a tube rack after vibration for transportation and testing.

A K100 tensiometer was used for the contact angle measurements 
(40). Here its electronic balance instead of the built-in modules is 
employed. As illustrated in Figure 4, a self-fabricated tube filled with 
a soil was attached to the electronic balance with a clip. The rigid clip 
was used to reduce the time of self-stability for the electronic balance. 
A glass vessel with a test liquid in it was placed on a lifting stage below 
the tube. During a measurement, the stage moved up until it was in 
contact with the sieve glued at the bottom of the tube. Measurement 
of the m-t curve was triggered when a contact was detected.

The glass tubes are 44.5 mm high and have an internal diameter of 
5.75 mm and an outer diameter of 7.9 mm. The tubes were made of 
soda–lime glass because of its comparatively high fracture tough-
ness. The same number of metallic sieves with an opening of 75 µm 
were prepared. These sieves were circular and had a diameter that 
was 1 mm bigger than the outer diameter of the tube. Each sieve 
was glued to the bottom of a tube, which was sanded beforehand. 
The glue was chosen because of its high temperature resistance and 
chemical resistance.

These procedures were designed and strictly followed during the 
experiments:

1.	 All tubes and vessels were rinsed with acetone and then dried 
before tests.

2.	 The soils for test were dried in an oven (80°C) for 24 h. Then 
the soil specimens were prepared by following the aforementioned 
procedures.

3.	 The tube was put into the chamber of the tensiometer as shown 
in Figure 4 and a rinsed vessel was filled with test liquid according 
to the requirement of the tensiometer.

FIGURE 4    Instrument setup for CRM  
with Krüss 100 tensiometer.
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4.	 The chamber was closed and a test started. Data were recorded 
right after the specimen got in contact with the liquid. Measurement 
lasted a period of time ranging from 40 s to 120 s. This time, which 
depends on soil type, was determined by trial tests.

5.	 Step 4 was repeated for another test. If a different test liquid 
was used, rinsing the vessel with acetone was necessary.

6.	 After an experiment, all tubes were cleaned and dried. Data 
were obtained for analysis.

For the modified CRM, the value of κ was obtained by using 
a nonlinear least squares curve fit regime. MATLAB code was 
developed to automate the data processing and eliminate subjective 
factors.

Typical comparisons between measured and fitted m-t curves are 
illustrated in Figure 5. As can be seen, the fitted results match very 
well with the measured data: the measured and fitted curves almost 
coincide. This finding in turn proves that the solution to the govern-
ing equation for the modified CRM well describes the dynamics of 
capillary rise. The average apparent contact angle for the soil was 
measured as 89.43 degrees.

Theory

The model proposed by Konrad and Morgenstern provided cold 
regions engineers with a good approach for frost heave predictions 
(22–24). The model predicts the thermally induced water flux by 
introducing an experimental relationship. A parameter, the segregation 
potential, was suggested to quantify this experimental relationship. 
This study presents a detailed physical explanation for the segregation 
potential. A new theory is proposed for the calculation of this param-
eter based on some fundamental soil properties. Part of the theory 
was briefly mentioned in a previous study by Liu et al. (41). The 
detailed theory is introduced in this section.

The rate of frost heave is controlled by both heat transfer and water 
migration in frozen soils. These two mechanisms were essentially 
linked by the thermodynamic equilibrium at the water–ice interface. 
Of special interest is the frozen fringe, for which the segregation 
potential is defined to represent the linear relationship between the 
water intake rate and the temperature gradient across the frozen 

fringe. Therefore, in order to obtain a theoretical formulation for 
the segregation potential, it is necessary to establish a governing 
equation for water migration in which the accumulation of water 
and ice is related to temperature.

The mixed-type Richards equation is first introduced to describe 
the fluid movement in variably unsaturated porous media. A term 
related to ice formation is added to the left-hand side to extend the 
Richards equation to the investigation of freezing soils:

∂
∂

+ ∂
∂

= − ∂
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θ ρ
ρ

θ
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w

i

wt t x
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g
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

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

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1 25
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( )

where

	θw	=	� volumetric water content (more specifically, unfrozen water 
content throughout this discussion),

	ρw	=	density of water,
	ρi	=	density of ice,
	θi	=	volumetric ice content,
	 t	=	 time,
	K	=	hydraulic conductivity,
	 g	=	gravitational acceleration, and
	ψ	=	soil suction.

The 1 in Equation 25 allows for the influence of gravity on water 
migration.

The soil suction can be related to temperature by using the  
Clapeyron equation. A generalized form of the Clapeyron equation is

ψ
= −

ρ
(26)

d

dT

L

T
w

where L is the latent heat of the phase change of water. The general-
ized Clapeyron equation can be integrated into the following form. 
Equation 27 predicts that the freezing point of water will decrease 
to somewhat below the freezing point of bulk water because of the 
presence of suction.

ψ = −ρ ln (27)
0

L
T

T
w

where T0 is the freezing point of bulk water (in kelvins) under stan-
dard atmospheric pressure. Equation 27 was obtained on the basis 
of the original equation (9, 11) by assuming that the ice pressure 
is zero, which is more a rule than an exception when ice lenses are 
lacking and the osmotic effect is negligible. Another assumption 
is that the freezing or drying process is comparatively slow so 
that thermodynamic equilibrium can be ensured on the water–ice 
interface.

By substituting Equation 27 into Equation 25, the governing 
equation is reformatted as follows:
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Therefore, the water flux caused by temperature gradients is

= 
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FIGURE 5    Comparison between measured and fitted 
m-t curves.
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There are two unknowns in the Equation 29, K and T. However, K is 
dependent on S (42) and can be expressed as follows (43):

( )= = − − K K K K S Sr
m m

1 1 (30)0 0
1 2 1 2

where

	K0	=	hydraulic conductivity under unfrozen conditions,
	m	=	fitting constant, and
	 S	=	� saturation in freezing–thawing process, that is, ratio of 

volumetric unfrozen water content to porosity (total volume 
ratio of unfrozen and frozen water).

In view of the similarity between the freezing and drying processes, 
those equations proposed for the soil water characteristic curve can 
also be used for the prediction of the soil freezing characteristic 
curve. The equation suggested by van Genuchten (43) was adopted 
in this study:

( )
=

+ αψ










1

1
(31)S n

m

where α and n are fitting constants. By combining Equations 27, 30, 
and 31, one obtains
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As can be seen in Equation 32, K is a function of T. The physical 
representation of the segregation potential proposed by Konrad 
and Morgenstern can be obtained by integrating Equation 29 over 
the frozen fringe (22). If the influence of gravity is neglected, the 
segregation potential is

∫ ∫
( )

=
−

=
−







+
SP

1 1
(33)

l

T T l
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where

	 SP	=	segregation potential;
	Ts, Ti	=	� temperature on top and base of frozen fringe, respectively;
	 xs	=	ordinate of top of frozen fringe; and
	 l	=	 length of frozen fringe.

As stated by Konrad and Morgenstern, the segregation potential 
is dependent on the hydraulic conductivity and the segregation-
freezing temperature (22). This statement is well supported by 
Equation 33.

Validation of Proposed Theory

Equation 33 presents the accurate mathematical formulation for 
the segregation potential. The equation was simplified to verify its 

validity. For the purpose, the average hydraulic conductivity of the 
frozen fringe, K

–
, was adopted; then the segregation potential can be 

reduced to the following form:

=SP
1

(34)
KL

g Ts

Equation 34 was used to predict SP with the average hydraulic 
conductivity obtained by Konrad and Morgenstern (23). As dem-
onstrated in Figure 6, the predicted values are very close to the 
measured values. Moreover, the pattern of the variation of SP with 
K
–

 predicted by Equation 34 compares very well with experimen-
tal results (23). The good comparison can hardly be a coincidence 
considering the small order of SP [10−11 m2/(s • K)] and the similar 
patterns between measured and predicted results. The difference 
between measured and predicted results is estimated to be caused 
by two factors: (a) the replacement of hydraulic conductivity at the 
top of the specimen sample with the average value of the frozen 
fringe and (b) the assumption that the temperature distribution over 
the frozen fringe is linear.

Auxiliary Relationships for SP Prediction

Additional information is required for applying Equation 33 for 
accurate SP prediction. This information includes the mathematical 
expression of K(T) and the temperature on the top and base of the 
frozen fringe. To be more specific, five constants need to be identified: 
α and m, n, Ts, and Ti. This study suggests obtaining α and m, n, and Ti 
by fitting the phase composition curve, and it is proposed that Ts be 
predicted with a poroelastic approach.

The theoretical formulation for the phase composition curve can 
be obtained by combining Equations 27 and 31:

T T S T
L

S
w

m
n

= ( ) = − −

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









−

0

1
1

1
1exp (

αρ
335)

Equation 35 predicts the relationship between temperature and satu-
ration in frozen soils that are either saturated or unsaturated under 
unfrozen conditions. However, the temperature for zero saturation 
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FIGURE 6    Comparison between measured and predicted SP.
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usually cannot be achieved by most experiments on phase composi-
tion curves. In fact, a temperature that is several kelvins below the 
freezing point of bulk water is usually used as the lowest temperature. 
However, most experiments assumed that all of the water had turned 
into ice at this lowest temperature. This assumption makes the mea-
sured saturation different from the true saturation used in Equation 35. 
In addition, the unsaturated condition under unfrozen conditions 
needs to be taken into account because, in many cases, saturation 
is measured with reference to the water content under frozen con
ditions. Even if a fully saturated specimen is claimed to be used, the 
slight unsaturated condition will also result in a difference between 
the measured and the true saturation. On the basis of the foregoing 
concerns, the measured saturation in the phase composition curve 
can be related to the true saturation as

=
−
−

(36)M
L

H L

S
S S

S S

where SM and S are the measured saturation and true saturation, respec-
tively, and SL and SH are the lowest and highest saturation achieved 
by the experiment, respectively. Hence the true saturation can be 
expressed by the measured value as

= − + (37)M H M L LS S S S S S

Substituting Equation 37 into Equation 35 yields the prediction 
equation for the phase composition curve:

T S S S S m( ) = −
×

− +( ) −−
273 15

1

3 34 108

1
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38
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



n

( )

where T0 is 273.15°K, L is 3.34 × 105 J/kg, and ρw is density of water, 
1,000 kg/m3.

A thermo-time-domain reflectometry sensor was used in a previous 
study by Liu et al. to measure the phase composition curve of a typical 
subgrade soil in the state of Ohio (41).

Shown in Figure 7 is the comparison between the measured and 
fitted phase composition curves. The validity of the measured phase 

composition curve was proved by Liu et al. (41). The curve fitting 
was conducted with a data analysis package, Origin. As can be seen, 
the proposed prediction equation offered very good predictions in the 
whole range of measured data. The water saturation under unfrozen 
conditions was estimated to be 97.91%. The temperature at the base 
of the frozen fringe can be calculated using the following equation:

T T
L

Si
w

m n= − −( )







−
0

1
11

1 39exp ( )
αρ H

The poroelastic approach for the prediction of the segregation-
freezing temperature is established on the basis of one classic 
constitutive relation:

σ = ε −K Bpb v (40)

where

	 σ	=	 isotropic pressure,
	Kb	=	bulk modulus,
	εv	=	volumetric strain,
	 B	=	Biot–Willis coefficient, and
	 p	=	 liquid pressure.

By applying Equation 40 to saturated freezing soils and assuming 
that expansion in the gravitational direction is not constrained, the 
criterion for ice lens initiation can be obtained:

( ) ( )σ = ψ − − ρ >BS K S ghb3 0.09 0 tension (41)

By substituting Equation 27 into the Equation 41, the segregation-
freezing temperature is obtained when the skeleton pressure is zero:

=
− − ρ

ρ




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T T
K S gh

LBS
s

b

w

exp
0.27

(42)0

Conclusions

Thermally induced water flux is one of the most important couplings 
of the thermohydromechanical processes in soils. As an essential 
knowledge base for studying the influence of thermal changes on 
engineering behaviors of soils, it has been receiving a tremendous 
amount of research. Among the research, the model proposed by 
Philip and de Vries (1) and that by Konrad and Morgenstern (22–24) 
have gained popularity for soils without (frozen or unfrozen) and with 
ice lenses, respectively. This study presents a comprehensive look 
at thermally induced water flux. For conditions without ice lenses, 
either frozen or unfrozen, the underestimation of water flux by the 
model of Philip and de Vries (1) is tackled with a proposed theory. 
Experiments with a modified CRM are suggested to help calculate 
the gain factor, which is used to allow for the underestimation. For 
thermally induced flux in freezing soils with ice lenses, the theoretical 
formulation for segregation potential, which is the key parameter 
in the model of Konrad and Morgenstern (22–24), is derived. This 
theoretical formulation, which is lacking in previous research, is 
expressed in a simple mathematical form and is proved to accu-
rately predict the segregation potential. More auxiliary relation-
ships are presented for calculating the segregation potential with 
basic soil properties and with the phase composition curve measured 
with a thermo–thermo-time-domain reflectometry sensor.

FIGURE 7    Comparison between measured and fitted phase 
composition curves for typical subgrade soil.
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